Abstract. We consider a mixture of interacting bosons and fermions in optical lattices described by the Bose-Fermi Hubbard Hamiltonian. To treat bosonic degrees of freedom, we use a generalized dynamical mean field theory (GDMFT). By combining the GDMFT with the numerical renormalization group method, we revisit the zero-temperature phase diagram with particular emphasis on many-body effects in a supersolid state and discuss the origin of an anomalous peak structure emerging in the density of states for fermions.
Recently, systems of correlated atoms in optical lattices have attracted much interest [1] . In these systems, one can tune the interaction strength by the magnetic field dependence of Feshbach resonances, and thereby simulate typical models used to study quantum many-body physics. Furthermore, the discovery of Feshbach resonances in a mixture of fermions and bosons, 6 Li -23 Na [2] , 40 K -87 Rb [3, 4, 5] , and 6 Li -87 Rb [6] , creates a new route to realizing a physical system without any analog in the conventional condensed matter field. Motivated by this, we consider a mixture of interacting bosons and fermions in optical lattices described by the Bose-Fermi Hubbard Hamiltonian. Preceding studies of this system have revealed the possibility of various fascinating states, such as a supersolid state [7, 8, 9, 10, 11] , where a superfluid state coexists with a density wave state, or s-wave and d-wave pairing superfluid states [12, 13, 14, 15, 16] , etc. A particularly interesting point raised for the supersolid state is that an unusual peak structure emerges in the density of states (DOS) for fermions near the Fermi surface [10] . Here, we revisit this problem, and point out that the peak structure is related to a single-fermion excitation that is strongly renormalized by low-energy bosonic excitations, the origin of which is quite similar to that for heavy fermions in the Fermi liquid state.
We consider a mixture of spin-polarized fermions and bosons in an optical lattice system, which may be described by the following Bose-Fermi Hubbard Hamiltonian,
where b i (c i ) annihilates a boson (fermion) at ith site, To treat bosonic degrees of freedom, we use a generalized dynamical mean field theory (GDMFT) introduced by several groups [9, 10, 17] , where fermions are treated by dynamical mean field theory [18, 19] while the condensate fraction of bosons is treated by conventional static mean field theory. We perform the calculation using a semi-elliptic DOS ρ(ω) = 2/π 1 − (ω/D) 2 with a half bandwidth D. Here, the half bandwidth D is given by D = 2 √ zt f .
In the following, we take D as the energy unit. In order to discuss the supersolid phase with long range orders, we introduce a generalized single impurity Anderson model with a two-sublattice structure. The corresponding Hamiltonian is
where α = ±1 represents the sublattice index, z the coordination number, ϕ α = b α the superfluid order parameter, and V kα the hybridization. Following the study in Ref. [10] , we use Wilson's numerical renormalization group (NRG) [20, 21] to solve the effective impurity model, which provides reliable results in the low energy regime. This method has already been extended to include bosonic degrees of freedom [9] , which enables us to calculate the superfluid order parameter ϕ = b and the self energy Σ(ω) for fermions. Note that in the framework of our two-sublattice GDMFT, we can only treat a commensurate density wave order, so that the possibility of long-period density wave order is not addressed in this paper. We present the results obtained under the condition zt b = 0.05 and U b = 1.0 with fixed filling n f = 1/2 for fermions and n b = 5/2, where we define n b = α=±1 n b α /2, etc. This choice of parameter turns out to be complementary to the study in Ref. [10] (n f = 1/2 and n b = 3/2). By systematically calculating the DOS for fermions, ρ(ω), for several values of the fermionboson interaction U f b , we wish to elucidate the many-body nature emerging in the supersolid state. When U f b = 0, there is always a finite amplitude of density-wave order parameter
α |) = 0 both for fermions and bosons, whose density wave oscillations are out of phase, implying that the supersolid state can be realized when ϕ = 0. Actually, as U f b is increased, bosons can become itinerant and the supersolid state is further stabilized [10] . We here focus on the supersolid region where 1/2 < ∆N b < 3/2 corresponding to 1.7 ≃ U f b ≃ 2.4. In this region, the system has gapless (compressible) boson density fluctuations, which trigger the emergence of the superfluidity for bosons. This simultaneously gives rise to an unusual peak near the Fermi level in the DOS for fermions, as shown in Fig. 1 . Titvinidze et al. [10] pointed out that the peak formation in the DOS in the supersolid phase may be related to the instability to breaking the alternating boson-fermion density wave order. We here argue that this peak is caused by many-body effects characteristic of a mixture of fermions and bosons, the origin of which is analogous to the heavy-fermion formation in the Fermi liquid state. As shown in Fig. 1 , a fermionic density wave order caused by the coupling to the bosonic degrees of freedom makes the DOS asymmetric with respect to ω = 0 in spite of the half-filling condition. We briefly comment on the behaviour patterns of physical quantities in this region. ∆N f (∆N b ) monotonically increases from 0.44 to 0.49 (1.5 to 2.5). The superfluid order parameter shows a similar behaviour to that of the boson density fluctuations, as shown in Fig. 3 (explained below).
Note that there are two characteristic structures in the DOS for fermions in Fig. 1 [10] , a hump in the high-energy region and a sharp peak in the low-energy region. In the insulating regime (∆N b = 1/2 or 3/2), there is only the high energy hump originating from a meanfield type effect due to U f b . On the other hand, in the supersolid regime, there is an additional peak at low energies which may originate from gapless density fluctuations of bosons through the fermion-boson coupling term. This implies that the peak in the fermionic DOS is induced by the renormalization effect due to gapless bosonic degrees of freedom via a fermion-boson coupling. Such a renormalization effect should be dynamically generated, so that it should be due to the low-energy sector of boson excitations. In order to confirm this, we systematically investigate how the shape of the peak changes according to the gapless bosonic excitations (see Fig. 1 ). We also show the real part of the self-energy for fermions in Fig. 2 and the density fluctuations of bosons in Fig. 3 . As the interaction U f b increases from 1.7, the latter quantity increases, takes maximum values, and then decreases to zero when the system approaches another insulating state around U f b ≃ 2.4. Accordingly, the self-energy in Fig. 2 develops a sharp structure around ω = 0, giving rise to the peak in the fermionic DOS in Fig. 1 . Note that the width of the peak becomes very sharp, while its weight once increases and then decreases, as seen in Fig. 1 . This can be explained as follows. Around U f b ∼ 1.7, the number of effective gapless bosons is small, so that the effective interaction between bosons is not so strong, providing only the weak renormalization effect to an excited fermion. On the other hand, when U f b ≃ 2.4, low-energy bosons are highly correlated since the system is close to the insulating phase. These results in a strong renormalization effect for fermionic excitations, giving rise to the very sharp peak structure. We have also checked that essentially the same tendency appears in the parameters regime studied in Ref. [10] .
Recall that a quite similar behaviour appears ubiquitously in correlated electron systems in condensed matter physics; when few holes are doped into a Mott insulating phase of the Hubbard model (or t-J model) at half filling, the DOS acquires a sharp peak structure, which is caused by the renormalization effect due to mobile correlated electrons (or holes). In the present Fermi-Bose mixture system, the fermion sector is always insulating, so that the renormalization effect on one-particle excitations is unusual in the sense of ordinary electron systems. We note, however, that there is another massless boson degree of freedom in our case, which may be a source of the renormalization effect. In this sense, the peak formation in the DOS for fermions in the supersolid states may be regarded as a unique many-body effect inherent in mixed FermiBose systems. In contrast to ordinary heavy fermion systems, the fermion sector in our model is in an insulating state, so that the DOS should vanish inside the charge excitation gap, resulting in the decrease in the DOS near the gap edge. This is why the anomalous peak, which is caused by massless bosonic excitations, is formed a little bit below the lower edge of the charge gap. In summary, we have reexamined the ground state properties of a mixed Bose-Fermi system with particular emphasis on many-body effects in the supersolid phase. By examining the anomalous peak structure in the DOS for fermions, we have elucidated that it indeed comes from many body effects; while the high-energy hump structure in the DOS is dominated by the mean-field type effect of the fermion-boson interaction, the low-energy peak structure is induced by the density fluctuations of bosons through the fermion-boson interaction term. The formation of the low-energy peak is quite similar to that for heavy fermions in the Fermi liquid state. In the present case, the low-energy bosonic excitations provide a source of the strong renormalization.
